Abstract. The aim of this paper is to introduce and to study an algebra of almost periodic generalized functions containing the classical Bohr almost periodic functions as well as almost periodic Schwartz distributions.
Introduction
The theory of uniformly almost periodic functions was introduced and studied by H. Bohr, since then, many authors contributed to the development of this theory. There exist three equivalent definitions of uniformly almost periodic functions, the first definition of H. Bohr, S. Bochner's definition and the definition based on the approximation property, see [1] . S. Bochner's definition is more suitable for extension to Schwartz distributions. L. Schwartz in [6] introduced the basic elements of almost periodic distributions.
The new generalized functions of [2] , [3] , give a solution to the problem of multiplication of distributions, these generalized functions are currently the subject of many scientific works, see [4] and [5] .
The aim of this work is to introduce and to study an algebra of almost periodic generalized functions containing the classical Bohr almost periodic functions as well almost periodic Schwartz distributions.
Almost periodic functions and distributions
We consider functions and distributions defined on the whole one dimensional space R. Recall C b the space of bounded and continuous complex valued functions on R endowed with the norm ∞ of uniform convergence on R, (C b , ∞ ) is a Banach algebra. Definition 2.1. (S. Bochner) A complex valued function f defined and continuous on R is called almost periodic, if for any sequence of real numbers (h n ) n one can extract a subsequence (
. Denoted by C ap the space of almost periodic functions.
To recall Schwartz almost periodic distributions, we need some function spaces, see [6] . Let p ∈ [1, +∞] , the space
endowed with the topology defined by the countable family of norms
Let h ∈ R and T ∈ D , the translate of T by h, denoted by τ h T , is defined as :
where
The definition and characterizations of an almost periodic distribution are summarized in the following results. Let recall the space of regular almost periodic functions.
Definition 2.4. The space of almost periodic infinitely differentiable functions on R is defined and denoted by
Some, easy to prove, properties of B ap are given in the following assertions.
As a consequence of (iv) , we have the following result.
Almost periodic generalized functions
The properties of M ap and N ap are summarized in the following proposition.
Proof. i) It follows from the fact that
Since the family of the norms |u ε | k,∞ is compatible with the algebraic structure of
The following definition introduces the algebra of almost periodic generalized functions.
Definition 3.3. The algebra of almost periodic generalized functions is the quotient algebra
We have a characterization of elements of G ap similar to the result (ii) of theorem (2.2) for almost periodic distributions.
, ∀ε ∈ I, ∀ϕ ∈ D, therefor u ε ∈ B ap follows from theorem (2.2) (ii); it suffices to show that
Remark 2. The characterization (ii) does not depend on representatives.
Definition 3.5. Denote by Σ the subset of functions ρ ∈ S satisfying ρ (x) dx = 1 and
is a linear embedding which commutes with derivatives.
Proof. Let u ∈ B ap , by characterization of almost periodic distributions we have
consequently, there exists c > 0 such that 
The space B ap is embedded into G ap canonically, i.e.
There is two ways to embed f ∈ B ap into G ap . Actually we have the same result.
Proposition 3.7. The following diagram
Proof. Let f ∈ B ap , we prove that (f * ρ ε − f ) ε ∈ N ap . By Taylor's formula and the fact that ρ ∈ Σ, we obtain
The same result can be obtained for all the derivatives of f.
The Colombeau algebra of tempered generalized functions on C is denoted G T (C) , for more details on G T (C) see [2] or [4] .
is a well defined element of G ap .
Proof. It follows from the classical case of composition, in context of Colombeau algebra, we have F • u ε ∈ B ap in view of the classical results of composition and convolution.
We recall a characterization of integrable distributions.
is a well defined almost periodic generalized function.
Proof. Let (u ε ) ε ∈ M ap be a representative of u, then
almost periodic infinitely differentiable function. By Young inequality there exists C > 0 such that
We obtain the same result for (
, taking the integral of each element u ε on a compact, we obtain an element of C I .
Definition 3.11. Let u = [(u ε ) ε ] ∈ G ap and x 0 ∈ R, define the primitive of u by
We give a generalized version of the classical Bohl-Bohr theorem. u ε (t) dt ∈ B ap . We shows that (U ε ) ε ∈ M ap , i.e.
As in the classical theory, we introduce the notion of mean value within the algebra G ap . Definition 3.13. Let u ∈ G ap , the generalized mean value of u, denoted by M g (u) , is defined by
where (u ε ) ε is a representative of u.
The definition of M g (u) is correct and does not depend on representatives.
We have compatibility of the generalized mean value with that of a distribution as stated in the following. 
c ε,n e iλ ε,n x , (c ε,n ) ε ∈ C and (λ ε,n ) ε ∈ R, n = 1, ..., l.
